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Abstract
We present the results of a complete two-loop calculation at orderO(q6) of the nucleon mass in manifestly Lorentz-invariant chiral perturbation
theory. The renormalization is performed using the reformulated infrared renormalization, which allows for the treatment of two-loop integrals
while preserving all relevant symmetries, in particular chiral symmetry.
© 2007 Elsevier B.V.
PACS: 11.10.Gh; 12.39.Fe
1. Introduction
Chiral perturbation theory (ChPT) [1–3] is the effective field theory for the strong interactions at low energies and has been
highly successful in the application to purely mesonic processes (for a review see, e.g., Ref. [4]). The extension to the one-nucleon
sector was first addressed in Ref. [5] and originally seemed to be problematic due to the presence of the nucleon mass as an
additional mass scale that does not vanish in the chiral limit. When using dimensional regularization in combination with the
modified minimal subtraction scheme there is no direct correspondence between the loop expansion and the chiral expansion. The
first solution to this power counting problem was given by heavy-baryon ChPT (HBChPT) [6,7], in which an expansion in inverse
powers of the nucleon mass is performed in the Lagrangian. Later, several manifestly Lorentz-invariant renormalization schemes
have been developed that also result in a proper power counting [8–13], with the infrared (IR) regularization of Ref. [9] the most
commonly used scheme. In its original formulation IR regularization is applied to one-loop integrals, while the reformulated version
of Ref. [14] is also applicable to multi-loop diagrams [15]. A different generalization of IR regularization to two-loop diagrams was
suggested in Ref. [16].
Calculations at the two-loop level can be used to test the convergence behavior of the chiral expansion, which, compared to the
purely mesonic part of the theory, seems to be slower in the baryonic sector. This is also of interest to lattice calculations, where chi-
ral extrapolations are performed to obtain quantities at physical pion masses (see, e.g., Ref. [17]). The nucleon mass at order O(q5)
has been analyzed in the framework of HBChPT [18], including the evaluation of two-loop diagrams. In Ref. [19] renormalization
group techniques were used to determine the leading nonanalytic contributions to the nucleon axial-vector coupling constant gA
at the two-loop level, which are independent of the applied renormalization scheme. To the best of our knowledge, however, no
complete two-loop calculation in a manifestly Lorentz-invariant formulation of baryon ChPT (BChPT) has been performed so far.
The determination of the nucleon mass up to a given order is one of the simplest calculations that can be performed in BChPT up
to that order. This makes it the ideal physical quantity to perform a complete and consistent calculation at the two-loop level. In this
Letter we present the results of such a calculation up to and including order O(q6) using the reformulated infrared renormalization.
* Corresponding author.
E-mail address: schindle@kph.uni-mainz.de (M.R. Schindler).
Open access under CC BY license.0370-2693 © 2007 Elsevier B.V.
doi:10.1016/j.physletb.2007.04.034
Open access under CC BY license.
M.R. Schindler et al. / Physics Letters B 649 (2007) 390–393 3912. Lagrangian and power counting
The effective Lagrangian relevant for the calculation of the nucleon mass to orderO(q6) is given by the sum of a purely mesonic
and a one-nucleon part,
(1)Leff = L2 +L4 +L(1)πN +L(2)πN +L(3)πN +L(4)πN +L(5)πN +L(6)πN + · · · .
The purely mesonic Lagrangian at order O(q2) is given in Ref. [2]. Ref. [5] contains the mesonic Lagrangian at order O(q4) as
well as the lowest-order and next-to-leading-order nucleonic Lagrangians. The Lagrangians of the nucleon sector at order O(q3)
and O(q4) can be found in Refs. [20,21]. Here, we use the nucleonic Lagrangian in the convention of Ref. [21]. The complete
Lagrangians at order O(q5) and O(q6) have not yet been constructed. Up to the order we are considering, vertices from the latter
two Lagrangians only appear as contact terms. Since the light quark masses are proportional to the square of the pion mass, and
only analytic expressions containing the quark masses appear in the effective Lagrangian, the nucleon mass does not receive any
contributions from the Lagrangian at order O(q5). The contributions from the Lagrangian at order O(q6) are of the form gˆ1M6,
where gˆ1 denotes a linear combination of low-energy coupling constants (LECs) from L(6)πN .
We use the following standard power counting [22,23]: Each loop integration in n dimensions is counted as qn, a pion propagator
as q−2, a nucleon propagator as q−1 and vertices derived from Li and L(j)πN as qi and qj , respectively.
3. Results and discussion
Fig. 1 shows the one-loop diagrams which generate nonvanishing contributions to the nucleon mass up to orderO(q6). Diagrams
with mass insertions in the nucleon propagator are taken into account by shifting the mass in the undressed nucleon propagator [9].
Diagrams (a) and (d) are of orderO(q3) andO(q4), respectively. Diagrams (b) and (c) are of orderO(q5), while diagram (e) counts
as O(q6). The relevant two-loop diagrams are shown in Fig. 2. According to the power counting there are more diagrams at the
given order. An example would be diagram Fig. 2(c) with one first-order vertex replaced by a second-order one. As a result of our
calculation we find that these diagrams give vanishing contributions to the nucleon mass up to the order we are considering.
The renormalization of one- and two-loop integrals is performed using the reformulated infrared renormalization of Ref. [14].
At the one-loop level this method reproduces the results of the original formulation of Ref. [9]. Details of the renormalization
procedure at the two-loop level will be given in a forthcoming publication [24].
Since the perturbative expansion is performed around a ground state realized in the Nambu–Goldstone mode, the quark mass
expansion of physical quantities contains analytic as well as nonanalytic terms [25]. The chiral expansion of the nucleon mass up
to order O(q6) reads
(2)mN = m + k1M2 + k2M3 + k3M4 ln M
μ
+ k4M4 + k5M5 ln M
μ
+ k6M5 + k7M6 ln2 M
μ
+ k8M6 ln M
μ
+ k9M6,
where M2 = 2Bmˆ is the leading-order expression for the pion mass squared in terms of the average light quark mass, mˆ = (mu +
md)/2 [2], and m stands for the nucleon mass in the chiral limit. Combining the contributions from contact interactions with the
one- and two-loop results the coefficients ki are given by
k1 = −4c1,
k2 = − 3g
2
A
32πF 2
,
k3 = − 332π2F 2m
(
g2A − 8c1m + c2m + 4c3m
)
,
k4 = −eˆ1 − 3128π2F 2m
(
2g2A − c2m
)
,
k5 = 3g
2
A
1024π3F 4
(
16g2A − 3
)
,
k6 = 3g
2
A
256π3F 4
[
g2A +
π2F 2
m2
− 8π2(3l3 − 2l4) − 32π
2F 2
gA
(2d16 − d18)
]
,
k7 = − 3256π4F 4m
[
g2A − 6c1m + c2m + 4c3m
]
,
k8 = − g
4
A
64π4F 4m
− g
2
A
1024π4F 4m2
[
384π2F 2c1 + 5m + 192π2m(2l3 − l4)
]
− 3gA2 2 [2d16 − d18] +
3
4 4 [2c1 − c3] +
1
2 2 [6c1c2 − 12eˆ2m − 6eˆ3m − e16m],8π F m 256π F 8π F m
392 M.R. Schindler et al. / Physics Letters B 649 (2007) 390–393Fig. 1. One-loop diagrams contributing to the nucleon mass up to order O(q6).
Fig. 2. Two-loop diagrams contributing to the nucleon mass up to order O(q6).
k9 = gˆ1 − g
4
A
24576π4F 4m
(
49 + 288π2)− 3gA
16π2F 2m
(2d16 − d18)
− g
2
A
1536π4F 4m3
[
m2
(
1 + 18π2)− 12π2F 2 + 144π2m2(3l3 − l4) + 288π2F 2mc1 − 24π2m3(c3 − 2c4) ]
(3)+ 1
6144π4F 4m
[
3 − 1152π2F 2c1c2 + 1152π2F 2meˆ3 + 320π2F 2me16
]
.
To simplify the notation we use
eˆ1 = 16e38 + 2e115 + 2e116,
eˆ2 = 2e14 + 2e19 − e36 − 4e38,
eˆ3 = e15 + e20 + e35
for combinations of fourth-order baryonic LECs, while gˆ1 denotes a combination of LECs from the Lagrangian at order O(q6).
The quark-mass dependence of the nucleon mass is determined by QCD, which means that the numerical values of the coeffi-
cients ki in Eq. (3) are fixed. In general, the algebraic expressions of the coefficients in the chiral expansion of a physical quantity,
however, differ in various renormalization schemes, since analytic contributions can be absorbed by redefining LECs. It is the sum
of all terms at a given order, e.g. k5M5 ln(M/μ) + k6M5 for the nucleon mass at order O(q5), that is renormalization scheme
independent. Also the leading nonanalytic terms have to agree in all renormalization schemes, since their contributions cannot be
absorbed by the redefinition of LECs. Comparing our result with the HBChPT calculation of [18], we see that the expressions for
the coefficients k2, k3, and k5 agree as expected. At order O(q6) also the coefficient k7 has to be the same in all renormalization
schemes. The expressions for k3 and k7 contain the LECs c1, c2, and c3. Within the class of renormalization schemes that pre-
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and k8M6 ln Mμ are nonanalytic in the quark masses, the algebraic form of the coefficients k6 and k8 are renormalization scheme
dependent. This is due to the different treatment of one-loop diagrams. The counterterms for one-loop subdiagrams depend on
the renormalization scheme and produce nonanalytic terms proportional to M5 and M6 ln M
μ
when used as vertices in counterterm
diagrams. We find that our result for k6 coincides with the HBChPT calculation of Ref. [18] except for a term proportional to d28,
which, however, does not have a finite contribution for manifestly-Lorentz invariant renormalization schemes [26]. Therefore, at
order O(q5) the chiral expansion of the IR renormalized result reproduces the HBChPT result.
The numerical contributions from higher-order terms cannot be calculated so far, since most expressions in Eq. (3) contain
unknown LECs from the Lagrangians of orderO(q4) and higher. In order to get an estimate of these contributions we consider those
terms for which the LECs have previously been determined. The coefficient k5 is free of higher-order LECs and is given in terms of
the axial-vector coupling constant gA and F . While the values for both gA and F should be taken in the chiral limit, we evaluate k5
using the physical values gA = 1.2695(29) [27] and Fπ = 92.42(26) MeV. Setting μ = mN , mN = (mp + mn)/2 = 938.92 MeV,
and M = Mπ+ = 139.57 MeV we obtain k5M5 ln(M/mN) = −4.8 MeV. This amounts to approximately 31% of the leading
nonanalytic contribution at one-loop order, k2M3. The LECs appearing in k7 have been determined in Ref. [28], and we obtain
k7M
6 ln2(M/mN) = 0.3 MeV. As noted above, our calculation at order O(q5) reproduces the results of Ref. [29], which also
includes a discussion of the importance of these terms at unphysical quark masses as used in lattice extrapolations. A detailed
analysis of the terms at order O(q6) will be given in Ref. [24].
4. Summary
Using the reformulated infrared regularization [14] we have calculated the nucleon mass up to and including order O(q6). This
is the first complete two-loop calculation in manifestly Lorentz-invariant baryon chiral perturbation theory. The applied renormal-
ization scheme preserves the standard power counting and respects all symmetries. Our results for the renormalization scheme
independent terms agree with the HBChPT results of Ref. [18].
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